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ON A CONJECTURE OF WHITTAKER CONCERNING
UNIFORMIZATION OF HYPERELLIPTIC CURVES

ERNESTO GIRONDO AND GABINO GONZALEZ-DIEZ

ABSTRACT. This article concerns an old conjecture due to E. T. Whittaker,
aiming to describe the group uniformizing an arbitrary hyperelliptic Riemann
surface y? = HfiTQ(:t —a;) as an index two subgroup of the monodromy group
of an explicit second order linear differential equation with singularities at the
values a;.

Whittaker and collaborators in the thirties, and R. Rankin some twenty
years later, were able to prove the conjecture for several families of hyperelliptic
surfaces, characterized by the fact that they admit a large group of symmetries.
However, general results of the analytic theory of moduli of Riemann surfaces,
developed later, imply that Whittaker’s conjecture cannot be true in its full
generality.

Recently, numerical computations have shown that Whittaker’s prediction
is incorrect for random surfaces, and in fact it has been conjectured that it only
holds for the known cases of surfaces with a large group of automorphisms.

The main goal of this paper is to prove that having many automorphisms
is not a necessary condition for a surface to satisfy Whittaker’s conjecture.

1. INTRODUCTION

One of the foundational results in Riemann surface theory is that a compact
Riemann surface can be viewed either as an algebraic curve F'(z,y) = 0, or as the
quotient space of the unit disc D by the action of a Fuchsian group. However, this
correspondence can be made explicit only in some exceptional cases (see, e.g., [2]).

E. T. Whittaker, following ideas of H. Poincaré, put forward the following strat-
egy to understand this correspondence in the hyperelliptic case:

Every hyperelliptic surface C of genus ¢ greater than one, arises from a set of
29+ 2 points A = {a1,...,a2g42} C C:=Cu {o0} as an algebraic curve

N
(1.1) y> = f(x), where f(x):= H(x —a;),
i=1
with N =2g+2if ACC, and N = 2g+ 1 if, say, asg42 = 0.
The hyperelliptic involution and the hyperelliptic function C —— % ~ C are
given by J(z,y) = (z, —y) and n(x,y) = z respectively.
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From the point of view of uniformization, there is a torsion-free Fuchsian group
K such that the universal covering map p : D — C' is represented by the obvious
projection D — D/K ~ C.

Likewise, the map X := wop : D — C corresponds to a projection of the
form D — D/T ~ ((Aj, where I' is a Fuchsian group generated by 2g + 2 order-two
elements, say vi,...,72g+2. The group K is then the subgroup generated by the
transformations 7;7;.

Now the fundamental fact is that I', the covering group of the map X : D — (E,
is precisely the monodromy group of the second order Fuchsian differential equation

y'(2) + 3(S(X N (2)y(2) =0,

where S(X ~1)(2) is a rational function called the Schwarzian derivative of the mul-
tivalued function X ! (see definition below). Thus, a link between the algebraic
object, the curve, and the transcendental one, the group K, would have been es-
tablished if we could find an expression for S(X~1)(z) in terms of the parameters
defining the algebraic equation, namely aq, ..., azg4o2.

In 1929 [19] E.T. Whittaker conjectured that, for a hyperelliptic curve given by
equation (), we have

g 3 ((FEN 29+2f"(2)
(1.2) S(x ><Z>—§<<f<z>> S 2g+1 f<2>>'

Before we proceed any further, let us say that it is now known that Whittaker’s
conjecture cannot hold in its full generality. In fact, using the tools of the theory of
Teichmiiller spaces that was developed later, I. Kra [14] was able to prove that the
coefficients of the rational function S(X ~!)(z) do not depend holomorphically on
the parameters ar, whereas those of the right hand side of equation (.2)) obviously
do.

As far as we know, the history of this conjecture goes as follows:

It was early noticed that the analogous statement for genus one surfaces holds, as
can be seen after some manipulation with Weierstrass’ o function (see [21], p.439).
The first curve of higher genus for which E.T. Whittaker checked equation (.2), in
his 1929 paper [19] was the genus two curve y? = 2° + 1 . This result was extended
one year later by M. Mursi [15] to the curve y? = 27 + 1, of genus three, and to
all curves of the form y? = 229*! + 1 by S.C. Dahr [6] in 1935. Other works on
Whittaker’s conjecture carried out about the same time are due to D.P. Dalzell [5],
J. Hodgkinson [13] and Whittaker’s son J.M. Whittaker [20]. It was not until some
twenty years later that R.A. Rankin [16] substantially enlarged this list by proving
relation ((C2) for a collection of curves “whose branch points”, the values ay, “form
sets possessing certain symmetrical properties” in the author’s own words. The
conjecture was taken up by D.V. Chudnovsky and G.V Chudnovsky in their 1990
paper [H]. There, they performed a number of numerical experiments to find that
equation (L2) is incorrect for random surfaces. So it was natural to conjecture ([4],
pp. 143 and 148) that the only curves for which Whittaker’s prediction holds are
those encountered by Rankin.

The aim of this paper is to prove that there are curves beyond those listed by
Rankin for which Whittaker’s conjecture holds (Theorem EE|). The problem of
characterizing the hyperelliptic surfaces that satisfy the conjecture remains open.
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2. WHITTAKER'S CONJECTURE

Definition 2.1. The Schwarzian derivative of a holomorphic function ¢, denoted
S(¢), is given by

¢"(z) 3 <¢”(2))2
S = - = i
WO =56 ~2\e0)
The relevance of this differential operator relies on the following two properties:
(2.1) S(¢) =0 & ¢ is a Mdbius transformation,
(2.2) S(¢oa)(z) = o (2)*S(d)(a(2)) + S(e)(2).

Recall that a regular, or normal, cover X : D — C ramified over a set of values
A = {a1,...,a,} C C (n > 3) with branching indices 11, ..., vy, is a surjective
holomorphic map ramified (only) over the set A, and such that the branching order
at each point in the fibre of ay, is vy. It is a well known fact that being a regular cover
is the same as saying that the map X is equivalent to a quotient map D — D/T,
where T" is the group of covering transformations of X. The group I is a Fuchsian
group, said to have signature (0;v1,...,Vy).

It is also known that if this signature is hyperbolic, that is, Z;L:l(l —v; > 2,
then a regular cover with given branching data ({ax}, {vi}) always exists, and two
such maps differ by pre-composition with an automorphism 7" of D (see, e.g., [8],
p. 219). In particular, we can apply properties and to infer that the
Schwarzian derivative S(X ~!)(z) depends neither on the choice of the covering map
X, nor on that of a particular branch of its inverse map. In other words, it only
depends on the branching data (cf. [14], (4.1)).

Definition 2.2. Given a set of 2¢g + 2 distinct points A = {a1,...,a2442} C @,
with g > 2, we shall denote by Cy4 the algebraic curve given by equation (LI,
by p : D — Cj4 a uniformizing map, and by w : Cy — C the hyperelliptic map
m(z,y) = x. Let X : D — C be given by X = m o p; this is a regular cover of
signature (0;2,29+2 2). The Schwarzian derivative of X !, which, by the above
comments, depends only on A and not on the choice of p : D — C4, will be denoted
by S, namely

1 X—l e 3 X_l ar 2
Sa(z) = S(X ) (2) = M -3 (M) .

By examining the local behaviour at the branch points, it can be shown (see
[16], p. 37) that

2g+2
3 1 h(z)
2.3 Sa(z) == —s + ==
( ) A( ) 8(; (z—ai)2+f(z)>’
where f(z) is given by equation (1), and h(z) is a certain polynomial of the form
2g+2
(2.4)  h(z) = —(29+2)2% +2¢ (Z ai> 2297 gy 02?972 44 ez + cp.
i=1
The 2g — 1 coeflicients cg,c1,...,co9—2 are clasically known as the accessory
parameters. It should be said that some authors define the accessory parameters in
a slightly different way (see, e.g., [I4]), but it is always an easy matter to establish
the relation between the various definitions.
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Definition 2.3. The rational function

(RN 227
Wale) =3 <<f<z>> g+ f(Z)>

or, equivalently,

iy L L)
Wa(z) = S (21: (z—ai)? 29+1 f(z))

will be referred to as the Whittaker rational function associated to the curve Cy4.
Now we can state the conjecture.

Whittaker’s Conjecture ([19], p. 275). For any set A of 2g+ 2 different points,
the identity

SA = WA
holds.

Along with the discovery of the truth of the conjecture for the cases referred to in
Section[I], one of the reasons that might have led Whittaker to state his conjecture
is that the Whittaker rational function enjoys the same quadratic-like behaviour as
the Schwarzian derivative. Namely,

Proposition 2.4. For any Mébius transformation T we have
Sa(z) = T'(2)*Sra)(T(2)),
and
Wa(z) = T’(z)QWT(A) (T'(2)).
Proof. The first equality is obtained from formula (Z2)) by replacing ¢ with X 1,

a with 771, and z with T'(2).
The second one can be found in [I6], p. 41. O

Remark 2.5. From now on, we can restrict ourselves to the case in which all branch
values are finite, that is, A C C. This is permitted because, if this were not the
case, we could bring the problem to this situation by applying a suitable M6bius
transformation T'. By virtue of Proposition[Z4] this will not affect the truth of the
conjecture (see [16], p. 40).

Following Rankin, we now consider the difference
QA(Z) = SA(Z) — WA(Z)

Comparing the second expression for Wa(z) given in Definition 2.3 with the
identity (2.3), we infer that Qa(z) = p(z)/f(z), where p(z) is a polynomial with
deg(p) < 29 — 2.

There is a meromorphic quadratic differential w on C'4 associated to the rational
function Q a(z). It is defined as follows:

Definition 2.6. We will denote by w4 the differential
wa =7 (Qa(2)(d2)?),
where 7 : C4 — C is the hyperelliptic map 7(z,y) = .

Thus wa = Qa(z)dz? = Mdﬁ, with deg(p) < 2g — 2.

f(z)
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Proposition 2.7. The meromorphic quadratic differential wa is in fact holomor-
phic and invariant with respect to the action of the automorphism group Aut(Ca).

Proof. The first statement follows from an easy computation of the local expression
of w4 near the poles of @ 4, similar to that carried out in a more general setting in
8], p. 254.

In order to prove that wa is Aut(Cjy)-invariant, we recall that every automor-
phism of a hyperelliptic surface commutes with the hyperelliptic involution. There-

fore, each element T of % acts on %‘; ~ C as a Mobius transformation having

the property that T'(A) = A. Now, Proposition [2:4] implies that Qa(z)(dz)? is

7AuES?A) -invariant; hence wy4 is Aut(C4)-invariant. O

In terms of the quadratic differential w4 the conjecture reads as follows:
Proposition 2.8. Whittaker’s Conjecture holds if and only if wa = 0.

For the purpose of this article, the term Whittaker surface will refer to a compact
hyperelliptic surface satisfying Whittaker’s conjecture.

3. SURFACES WITH MANY AUTOMORPHISMS

Definition 3.1. A surface with many automorphisms is a compact Riemann surface
C of genus greater than one such that the quotient space #(C) is isomorphic to

the Riemann sphere C and, moreover, the projection C — #(C) ramifies over
three values.

We have

Theorem 3.2. Every hyperelliptic surface C with many automorphisms is a Whi-
ttaker surface.

Proof. The result follows from Proposition[27] once one notices that the dimension
of the space of quadratic differentials that are Aut(C)-invariant equals 3§ — 3 + n,
where g is the genus of the quotient surface ﬁ((}) and n is the number of branch

values of the projection C — ﬁ((}) (see [8]). In our case this dimension equals
zero, hence wy = 0. O

Concerning Theorem [32] the following should be noted:

In [T6], Rankin produced a list of explicit families of algebraic curves for which he
could prove that the conjecture holds. This list includes all cases previously known
up to then (and, in a sense, up to now, since our existence Theorem does not
provide an explicit example). It can be easily checked that all of them are surfaces
with many automorphisms. In fact, more recent knowledge of the automorphism
group of hyperelliptic surfaces (see, e.g., [3], [1]) would enable one to show that
his list agrees with that of all the hyperelliptic surfaces with many automorphisms.
Thus, from that point of view, the above result can be seen as a restatement
of Theorem 3 in [I6], the main difference being that our approach enables us to
consider all surfaces with many automorphisms simultaneously, instead of studying
each family separately.
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4. THE FAMILY OF CURVES y? = (2™ — 1)(a" — \)

In this section we study the 1-parameter family of hyperelliptic curves of genus
n—1

Can={y=E"-1)(E"-N}, AeR\{0,1}, n>3,

whose branching locus is the set Ay, = {1,..., &P~ AY" . AVn¢n—11 ) with
6 = exp (22).
Our goal is to show that there are curves in this family which do not have many

automorphisms but that, nevertheless, are Whittaker surfaces.

Proposition 4.1. The group of automorphisms of the curve Cy ,, is as follows:

i) If A # —1, Aut(Chr ) = Za x D, with generators J(z,y) = (z, —y), B(z,y) =
(A7 J X2y /2™) and o (x,y) = (Ea,y).

ii) If A = —1, the automorphism group contains also the order 2n rotation ooy, .
This is the only curve of the family which has many automorphisms.

Proof. The canonical projection

C
C)\n T A,n

’ <']76a 0n>

is easily seen to be the sphere with four branch values of orders 2,2, 2, n.
Now suppose C) ,, has an extra automorphism 7. Then, arguing as in the proof

of Proposition [2.7] we see that 7 induces an automorphism T on C&) ~ C that
preserves the set Ay ,,. Therefore, T has finite order.

It is not difficult to see that the Mobius transformation 7' either interchanges the
circles |z| = 1 and |z| = |A\!/"| or preserves each of them. Moreover, if T is in the
first case, then the M&bius transformation induced by (o 7 will be in the second
one. Thus, we can simply assume that T preserves each of the circles and also the
set A n, which in turn implies that it is a rotation fixing the origin. This is only
possible if T' is a power of o, when A # —1, and a power of o9, when A = —1.

Indeed, for A = —1 we get the curve y? = (22" — 1). This curve admits the
extra automorphism o, (z,y) = (§2n2,y), which makes of it a surface with many
automorphisms. O

Recall that we had

Pan(a)(dz)?
(xm — 1) (2™ — \)’

Wx,n = WAX,,,, =

with deg(px.n) < 2n—4. Moreover, since by PropositionZZw) , has to be invariant
under the automorphism (x,y) — (§,2,y), we see that the actual form of wy ,, is

cn(N) a2 (dz)?

(4.1) win(z) = @~ D@ =N

for some uniquely determined constant ¢, () € C. Thus, we have

Proposition 4.2. The curve Cy ,, is a Whittaker surface if and only if the constant
en(N) defined by formula (1) vanishes.
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Therefore a closer understanding of this function ¢, () is required.

Proposition 4.3. The function c,()\) enjoys the following properties:

i) ¢n(A) is a real valued function.
ii) ¢n(A) is analytic.

i) e, (1/A) = cp(N) /A
Proof. 1) Since we have

San(z) = Wan(z)

Cn(>\) = Zn—Q/(Zn _ 1)(2" — )\)’

it is enough to see that for z € R, S ,,(2) is also real.

Now it is known (see [12]) that S5(Z) = Sa(z), where A is the set obtained from
A by conjugation. In our case, Ay, agrees with its conjugate m, and the result
follows.

ii) This is a consequence of the result of Kra [I4] that states that the accessory
parameters depend real-analytically on the branching values.

iii) This property can be proved by making T'(z) = 1/x in Proposition 24 O

The above statement iii) will not be used in the rest of this paper, but we observe
that it implies that ¢,(—1) = 0, in agreement with the fact that C_; , is a surface
with many automorphisms. We also note that the property stated in iii) carries no
information for A = 0 and A = 1. This is not surprising, since the function ¢, () is
not defined at these points. Nevertheless, one of the key points of this article is the
computation of these limit values. In performing that task the main tool will be a
powerful result of Kra on the limit of accessory parameters, which we now quote.

4.1. Kra’s theorem on the degeneration of accessory parameters. Let X, :
D — C be a sequence of regular covering maps with the set of branch value A4,, =
{)\gm), ce )\5:123}, and branching indices (v1, -, Vnt3).

Assume that lim,, . )\gm) = )\éoo) exists for j = 1,---,n + 3. Denote by
A = {)\goo), ..., A%} the maximal subset of {A§°°), o, A% 3} that consists of
distinct entries, after relabeling if necessary.

Set p; = v; if a single sequence )\gm) converges to )\goo)’ and p; = oo otherwise.
Suppose, moreover, that the signature (0; p1, . . 'L‘UN) is hyperbolic.

In this situation, we denote by X, : D — C the regular cover corresponding
to this branching data. The following result holds:

Theorem 4.4 (Kra [14]).

uniformly on compact subsets of C.

4.2. The values c,(0) and cy(1). We now compute the values of ¢, (A) as A — 0
and A — 1.

Before we start, let us write down the Whittaker rational function for the curve
Ch.n- Replacing in Definition[Z3] f by f(z) = (2™ —1)(2" — ), we get the following
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expression for Wy ,, 1= Wy, :

32’”72 .
Wan() = o gy o e T (20 2 )=

(4.2)
+(n®A2 + (6n? — 8n®)A +n?)2" + (2n — 2n?) (A + )\2)>.
Case A — 0. In view of Kra’s theorem we want to compute
S(Xg () 1= lim S(XG1)(2)

where X ,, is the regular cover corresponding to the limit branching values, namely
1,&,...,€" 1 0, with branching indices 2,771, 2, co respectively.

For that purpose, let us consider the map T : C—-C given by z — 2", and set
Y =ToXy,. Thisis clearly a regular cover with only three branch values, namely 0,
1 and co. In this case, the classical theory of the Gauss hypergeometric differential
equation (see, e.g., [9], p. 303, or [14], p. 593) tells us that the Schwarzian derivative
is completely determined by the ramification indices, which in this case are oo, 2
and n respectively. The result is

n?—1 9 4 — 5n?
3 w* + iz w+1
4. Y H(w) = :
(13) SO 1)) T
On the other hand, direct computation gives
_ (n? —1)/2n?
S(T™H)(w) = 2

hence, by equation (2.2)) applied to Y~ = X&,ll oT~1, one obtains

— 1 —2n)/n — n (712 B 1)/2712
SO (w) = w2 (xg () + S
Therefore
21 4 — 5n? 2
n2z2n—2 (" _ 22 4 52n e 1) , 3n* — 42” ‘1
1 _ n 4n on -1 4
S(Xon)(2) = =

2221 (27 — 1)2 222 222(z7 —1)2 °
As for the Whittaker rational function, we see from equation [@2)) that
(6n® — 6n?)2" + 3n?
(16n — 8)22(z™ — 1)2’

Won(z) == ilir%) Win(z) =

hence
Qon(2) = S(Xg,)(z) = Wou(2)
3n2—4  6n° — 6n? n 3n?
_ +1—
_ 4 8&n —4 8n —4
N 222(z" — 1)
3n? —8n+4
16n — 8

z22(zn — 1)
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Therefore, by Theorem .4, we have proved

3n?2 —8n+4
P iti 4.5. limy_, A= ———
roposition imy_o cn(N) T6n—8

Case A — 1. We proceed as in the previous case.
Now the limit branching data consists of the values 1, ¢, ..., "~ with branching
indices 00, .., 00. In order to compute

S(XT () = lim S(XG1)(2)
we again consider the functions T'(z) = 2" and Y = T'o X ,,. The branching values

of the map Y are again 0, 1 and oo, in this case with branching indices n, co,n
respectively. Therefore

n?-1, 2-n? n?—1
(4.4) Sy = 2 T
2w?(w —1)2
and
S(X1,n)(z) = 222 (zn — 1) n°z + 5.2

(n? —1)22"+ (2 —n?)2" + (n? - 1) . 1—n?

222(z™ — 1)2 222
n2sn—2
T2
As for the Whittaker rational function, we have
Win(z) = )l\gml Win(z)

4n3 — 4n?)237=2 4 (8n? — 8n3)22" 2 + (4n? — 4n?)zn 2
(16n —8)(zm — 1)4

_ 3l

(12n® — 12n2)z" 2
(16n — 8)(2™ — 1)’

hence
(2713 _ n2)zn—2

(4n — 2)(z" — 1)%°

Qun(2) = S(X7,)(2) = Win(2) =

Thus we have proved
2n2 —n3
4n -2
4.3. Conclusion. The study carried out in the previous sections has the following
immediate consequence:

Proposition 4.6. limy_,; ¢,(\) =

Proposition 4.7. Given any n > 3, there exists at least one value of X\, say
An € (0,1), such that the algebraic curve

Cr,n = {y2 = (z" - 1)(a" — )\n)}

is a Whittaker surface.
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Proof. As we noted in Proposition 3] the function ¢,()\) is real-analytic, hence
continuous. On the other hand, we have just found that

2n? —n3 3n? —8n +4
n=2"" _omTenTRE .
cn(1) p— <0 and ¢,(0) T6n—8 >0
Therefore it has to vanish at some point A, € (0,1). O

In view of Proposition ELT] we can state the result we have been looking for:

Theorem 4.8. There are Whittaker surfaces which do not have many automor-
phisms.

5. AN EXPLICIT NON-WHITTAKER HYPERELLIPTIC SURFACE

In all branches of mathematics it often occurs that a certain property that, for
some theoretical reason, is known to hold generically, turns out to fail whenever
one can check it explicitly. There is a good example of this phenomenon inside
the theory of Riemann surfaces itself, namely the fact that the generic compact
Riemann surface admits no automorphisms (see [17], [7], [11]).

Likewise, we have been unable to locate in the literature a single instance of
a hyperelliptic surface without many automorphisms whose accessory parameters
can be explicitly computed. The purpose of this last section is to carry out such
a computation for the curve y? = 2% + %x‘l + 1. We will find that this surface is
non-Whittaker.

Let C; and Cy denote the algebraic curves given by 3% = 2% — 1 and y? =
8+ %Ox‘l + 1 respectively. It is not difficult to convince oneself that the morphism

H
(@) =t 2o 41} o (@) 2 =at -1,
1+22 2V3zy

defines a double covering of C; that is smooth (see [I0] for an explicit description of
all smooth hyperelliptic double coverings of a given hyperelliptic surface). Moreover,
we have the following commutative diagram:

o Lo
m | L m
¢ L ¢
L 1+ 22 -~ ..
where H is given by H(z) = T2 and 7; : C; — C stands for the hyperelliptic
map. It follows that, with the notation employed in Definition 2.2, if we denote by

Xo:D— C the regular cover of signature (0;2, ..., 2) associated to the curve Cs,
then the one corresponding to Cy can be taken to be X; = H o Xs.
Therefore X, ' = X; ' o H, and hence equation (2.2) yields

(5.1) S(X5 ) (x) = S(XT ) (H (2))(H' ())* + S(H)(x).

Now, since C is a surface with many automorphisms, S(X; 1) is given by the
corresponding Whittaker rational function. As for the term S(H), it may be com-
puted directly.



ON A CONJECTURE OF WHITTAKER 701

Therefore, an easy calculation gives the following result.

Proposition 5.1. The Schwarzian derivative S(X5 ')(z) that corresponds to the

hyperelliptic curve Cy = {(x,y) : y*> = 2% + %m‘l + 1} is given by

_ —48(32% + 22 + 3)22
(X3 (@) = (3;8+10x4+4nl
As for the Whittaker rational function of Cs, we find that
 24.2%(382" 4 452° 4 45)
7 (10z* + 3 4 328)2
Since W5 does not coincide with the expression obtained in Proposition [5.1] we
get

WQ(J?) =

Corollary 5.2. C5 is a non- Whittaker surface.

Nevertheless, the accessory parameters of C can be explicitly computed. In
fact, with the notation introduced in equation (Z4)), we have

Corollary 5.3. The accessory parameters of the normal cover Xo : D — C
corresponding to the curve Cy are cg = —8, cg = —%, and c; =0 if j # 2,6.

Proof. All we have to do is to notice that S(X; ') can be rewritten in the form

8 6 _ 8,2
3 1 —8x2° — sz
S(X; (@) =2 K ,
(X )(@) 8 Z(m—ai)2+x8+1—ofc4+1
i=1 3
where a1,...,ag are the eight roots of 2% + %x‘l + 1. ([
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